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Abstract

An iterative loop combining nonlinear modes and the Rauscher method is suggested for analyzing finite degree-of-
freedom nonlinear mechanical systems with parametric excitation. This method is applied to an analysis of the parametric
vibration of beams.
© 2008 Elsevier Ltd. All rights reserved.

1. Introduction

Many methods exist for analyzing parametric vibrations of discrete nonlinear systems. The asymptotic
methods (multiple-scales method, Van der Pol transformations, Melnikov method) are used for such analysis
[1-4]. The parametric vibrations of essentially nonlinear systems can be analyzed by the harmonic balance
method, continuation technique [5-7].

In this paper the method of parametric vibration analysis based on the combination of the Rausher method
and nonlinear modes is suggested. Note this method can easily be used to analyze the parametric vibrations in
the engineering systems with many degrees of freedom.

The Rauscher method is an effective tool for studying forced vibration. This method has been suggested for
the analysis of single degree-of-freedom nonautonomous systems [8]. Let ¢ be the general coordinates of such
an oscillator. At first, the solution of the corresponding autonomous system is obtained. Let ¢(¢) be this
solution. Then this solution is inverted into the form: ¢ = #(¢g). Using this function, the nonautonomous system
is transformed into the autonomous system and this approximates the nonautonomous dynamical system. The
generalization of the Rauscher method has been suggested in the book [9]. Chebyshev polynomials were used
to obtain the approximate functions ¢ = #(¢) in Ref. [10]. The existence of a function #(g) for a wide class of
dynamical systems was demonstrated in Ref. [11]. Rosenberg [11] used the Rauscher method for the
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qualitative analysis of a one-degree-of-freedom dynamical system. Manevitch et al. [7] suggested the
combination of the Rauscher method and the NNMs to analyze discrete systems with an arbitrary number of
dof. The forced vibrations close to rectilinear NNMs of a two-degree-of-freedom system were studied by
means of the Rauscher method in Ref. [6]. A nonlinear two-degree-of-freedom system describing the
interaction of the linear subsystem and the snap-through truss, has been investigated by the Rauscher
approach [12].

Note that all the above-mentioned publications considered the Rauscher method jointly with the
Kauderer—Rosenberg nonlinear modes to represent motions in the configuration space. In this paper, the
Rauscher method is combined with the nonlinear modes, these being two-dimensional invariant manifolds.
These normal modes have been suggested by Shaw and Pierre [13] and Shaw et al. [14]. This is the novelty of
the method presented in this paper.

Nonlinear modes are effective tools for solving engineering problems. They have been used for the analysis
of problems of absorption of mechanical vibrations in the papers [15,16]. Nonlinear modes are used to analyze
the nonlinear vibrations of rotating pre-twisted beams [17] and to analyze the dynamics of a shallow arch [18].

This paper is organized as follows. A general method for the analysis of parametric vibration combining the
Rauscher method and nonlinear modes is considered in the second section. The third and the fourth sections
contain the application of this method to beams dynamics.

2. An iterative approach consisting of the Rausher method and nonlinear modes

The nonlinear system performing parametric vibrations is considered in the following form:

. ) . . . n . —
é/—i_w]é/—i_Fj(glyaf}u 61,...,5,!)—i—ZaﬁéiCOSQQZ):O, J= lsns (1)

i=1

where w; are eigenfrequencies of linear system; a;; are constant parameters. In this paper the motions of system
(1) close to the following nonlinear modes are considered:

& =8 =d"8 +d) v+ -,

vy =& = v(E o) =BG + BV + -,
v=1,...,0—11+1,...,n 2)

Note that such motions can be observed in system (1) if there are no internal and combination resonances.

An iterative loop is constructed for calculating the motions close to the manifold (2). A similar iterative loop
for forced vibrations analysis is considered in the paper [19]. At the first iteration it is assumed that &0, v,£0
and ¢, = v, = 0. In this case one equation is derived:

&+ ope+ Fi(8,6.8) + ang cos200) = 0. 3
The motions of system (3) can be presented in the following form:
& = Ay + Ay cos(Qt) + By sin(Qt) + A, cos(2Qt) + B, sin(2Q¢). 4

The harmonic balance method is used to analyze Eq. (3). Then the system of nonlinear algebraic equations
with respect to the parameters (4g, 41, By, A», B>, Q) is derived. In general, this system has the following form:

—
D, (Ao, A1, B1,42,B,,2) =0, pu=1,5. ®)

The aim of the present analysis is calculation of a frequency response. Therefore, the parameter A4, is set
with appropriate step size and then the system (5) is solved. For every value of A,, system (5) is solved with
respect to (4o, 41, By, B>, ). Now, it is assumed that these values are calculated and function (4) is
determined.

For future analysis the following notation is used:

z1 =sin Qt, zy = cos Qt. (6)
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Then the following equations are obtained from Eq. (4):
& =Ag+ Aizp + Bizy +A2(Z% — Z%) + 2Byz) 22,
é= — A41Qz1 + B1Qzy — 4QA4>2125 + 2QBy (53 — 1), (7)

The solution of Eq. (7) with respect to zj, z; is presented in the form of a series:

21 = ag + o &)+ ) + a3 +O€4&/2 +as&é -,
2= By + Br&i+ Baly + BaE 4 Baly + Bséiéi+ - )

where ag, ay,...,fo, f1,... are unknown coefficients. Eq. (7) is substituted into Eq. (8) and the coefficients of the
same terms f’l‘ é’,z;jl +h=2j1tp=3,...;/1=0,1,...; =0, 1,... are equated. As a result two systems of
linear algebraic equations are derived. These systems can be presented in the following form:

[MJA = R,,

[M]B = R, )

where RT =[0,0,1,0,0,0]; R} =[0,0,0,0,1,0]; AT = [0, o1, 20, %3, 04, 5], BT = [Bo, By Ba» B3s Bas Bsl

[0 —A4y —2B,Q B} —2A4¢4, A1Q? —BiA1Q —240B,Q
0 2B, —44,Q 4A40By+241B; —2BiQ*A; BIQ —44,4,Q — A7Q
0 B —4Q 24yB, 0 —A4p4,Q
M=10 Ay 2BQ  240Ar + A3 BQ? BiA41Q +240B,Q
0 4  BQ 2404, 0 A0B,Q
1 A 0 A} 0 0

Solving the two systems of linear algebraic Eq. (9), the truncated series (8) can be calculated. The following
two equations are obtained from these series:

sin(Q1) = S(éla &/),
cos(Q1) = C(&,&)). (10)

Relations (10) are substituted into Eq. (1) and as a result of this the pseudo-autonomous dynamical system
is obtained. This system can be presented in the following form:

. ’ B . B . ) —
éj—i_wjéj—i_R](glaain’éls9gn751’sén>:03 ]:1,11 (11)

The solutions of the pseudo-autonomous dynamical system (11) are presented in the form of the nonlinear
mode (2). Then, following [4], the functions &,(&;, vy); v,(&;,v;) are determined from the partial differential
equations

o¢, 0,
(& vp) = UEE " B (@7 + Ri(Er o Env1(Env), o 0a (v —E s — ) ],

. . ov, avv

Wt E(ELv) + Ry (€1 E 01 (Eor), o 0a(E0); =07 E L5 s —pEy) = —U 3% o
X [wlzél + R/ (é]: seey én» Ul(él: Ul)a seey Un(él: Ul); _w%él; cees _wflén):l . (12)
Eq. (2) is substituted into system of Eqs. (12) and the coefficients of the terms f’,“v’f;jl th=2j1tjh=3;
;71=0,1,...; /=0, 1,... are equated. As a result the system of linear algebraic equations with respect to

a(l‘), (2V), .. b(l‘ ,b(v) ,...1s derived. Solving this system, functions (2) are calculated.

Now the second iteration is considered. Function (2) is substituted into the /th equation of system (1). As a
result one nonautonomous equation of the second order is obtained. In general, this equation has the
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following form:

él + w%é/ + Fl [él(éla U/)’ ) 511(5/7 Ul); Dl(fla Ul)a s vl’l(f[’ U[); _w%él(éla Ul); cees _wién(ila Ul)]

n
+ ayé; cos(2Qt) + Z ai&i(&;,v1) cos(2Qt) = 0. (13)
oy
The solution of Eq. (13) is presented in the form of Eq. (4). After this solution construction, Eq. (10) is
determined and the normal mode of pseudo-autonomous dynamical system (11) is derived. These calculations
are carried out according to the algorithm expressed by Eqs. (5)—(12). The second iteration is finished by
means of nonlinear mode determination. If the coefficients a(lv),ag’) ,... of two adjacent iterations are close,
then the periodic motions for the particular value of A4, is determined.
The values of 4, are set with some incremental step value for calculating the frequency response of the
periodic motions. For every value of A,, calculations for periodic motions are carried out.

3. Parametric vibrations of beams

The vibration of a beam with a discrete end-mass is considered, as shown in Fig. 1. The vibrations of this
system are described by the following partial differential equation [20]:

" L "
EJu™) 1+ 0.5E] (u”u’z) n u”{P, c0s(2Q1) — 0.5M / (u’z) ds} i — (Nu) =0,
0 111

l S1 1
N:O.Su/ dsl/ (u/z) ds», (14)
K 0 i

where u = 0u/0t, u' =0u/0ds, u(s,t) is deflection of the beam; EJ is stiffness of the beam; P,cos(Q1) is a
longitudinal force; M is the mass attached to the beam; u is the mass per unit length. The term 0.5EJ (u”u’z !
defines the contribution of the nonlinearity to the beam curvature and the terms 0.5Mu” fOL (u/z);/l ds and (Nu'Y
describe the nonlinear inertia [21].

Dimensionless variables and parameters are considered for further analysis:

w=" t=1 £ f—f m—% "—ﬁ f—@
—r, - '[,[14’ _la _,ul’ /(_127 _EJ’

Py+P;cos2Qt

u (s,1)

Fig. 1. Mechanical system.
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where r* = J/A is the radius of gyration of the cross section, and A is the area of the cross section. Then system
(14) has the following form with respect to the dimensionless variables and parameters:

2

Ny = 0.5/1 dé, /Oé' (w’z); &, (15)
<

The vibration of system (15) is defined by an eigenmode expansion for a simply supported beam:
W(x, 1) = ¢,(1) sin(né) + g5(0) sin(27).
Applying the Galerkin technique to system (15), a two-degree-of-freedom dynamical system is derived:

P ” _ 1 ”
W) +§ (w”w’2> n w”{ £ cos(20r) — 1 / (w’z) d:} b — y(Naw') =0,
TT

G+ 7 @ 0 ds + 41 (203 (6 + G1dn) +294(@ + 42d2) + 15 (0162 + G2+ 26162)]
+q [27)7(4'% +q1d,) + 2% (q% + ¢idy) + 76 (0142 + iy +241G2)] — auf ) cos(2Q1) = 0,
Gy + 167, + B3 + 42283 (41 + 0161) + 2Ba (63 + 42d) + Bs (4162 + 021 + 2d145) ]
+q1[267(d1 + q140) +2B5(63 + 42d) + Bs (012 + 421 + 2014)] + Badadi — 4gaf 1 cos(2Q0) = 0. (16)

where

6 5 (mm 3 +7z2 2 2m 5 +n2
= — Vy = YTT = YTT _— — = YTT TT _— —_—
71 g’ V2=, Y3 =X 2 2D 12) Ya =X 673 )

10 5 20
Vs =V6 = 3%752’ V7= §XTE27 Vs = ?XTEZ, fl = TEzf? ﬂl = 8;{7563 B2 = 4XTC6’

2 2 2 4
ﬁ3=2m2(n——i+w), ﬁ4=2xn2(%—%+2n2rn>, /35=30xn2,

6 32 2
10 5 20
Bs = gxnz, pr = §X7T2, s = j}{nz-

Now parametric vibrations of discrete system (16) are considered. It is assumed that the generalized
coordinate ¢; shows a considerable vibration amplitude and that ¢, displays a correspondingly small
amplitude. The method suggested in the previous section is used to accommodate such motions. At the first
iteration it is assumed that ¢, = 0. System (16) takes the following form:

i+ +0a + 2039147 + 91G)) — 14, c0s(2Qr) = 0. (17)

The analysis of oscillator (17) in the asymptotic limit is considered in the Appendix A. Taking into account
the results of this asymptotic analysis, periodic vibrations of system (17) is chosen in the following form:

q, = A cos Qt+ B sin Qt. (18)

The harmonic balance method is used to determine the parameters A;, B;. As a result, a system of two
nonlinear algebraic equations with respect to 4; and B is derived:

A {—Q* + 1"+ (0.75y, — ;9% (4] + B}) — 0.5/, } =0,
Bi{—Q*+7* +(0.75), — ;%) (A4} + B}) + 0.5/, } = 0. (19)

Two groups of solutions exist in system (19):

() 4, =0, B;#0,
(I1) 4,20, B, = 0.
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Group I is determined by the value Bj:

QP -t —0.5
B =20 (20)
0.75y, — 13Q

and group II is characterized by the value A4;:

0.5, + Q* — ot
A = f‘_"—g Q1)
075'))1 — '))3.(2
Note that it is possible to obtain the frequency response oscillations of system (17) from Eqgs. (20) and (21).

In order to obtain the nonlinear mode of system (16), solution (18) is given as

(A7 + BY) cos(Q1) = A1q, + BiQ7'qy,

(A7 + B}) sin(Qt) = Biq, — 41Q7'4,. (22)
From Eq. (22) it can be shown that the following can be derived:
cos(2Q1) = ouqi + 0041 + %414, (23)
where
A7 - B} R B — A7 o — 44,B,Q7!
= 2> = 2> = 2
(41 + BY) (47 + BY) (41 + BY)

Eq. (23) is substituted into Eq. (16) and as a result of this the pseudo-autonomous dynamical system is
derived. The nonlinear mode of this system can be presented in the following form:

0 = Qa(q1,01) = a1q7 + @xq101 + asvy + daqy + asqivr + aeqy v} + vy + -,
vy = Va(qy,01) = biqi + bagyvr + bv? + bagi + bsqivy + beq v} + bvt 4+ - - (24)

Using the nonlinear mode approach of Shaw and Pierre [13] the following two partial differential equations
are obtained:

00, 00
v2(qy,01) = U1 7aq2 +761;12 [—n%q) — (1 = f100)a] — 7291 03(q1. v1) + f 102,07 + fo3g701 — 01,
1
- 167T4Q2((11,U1) + (4f o — ﬁz)Qz(‘]hUl)Q% + 4f10‘2Q2(C]1,01)U% +4f1030,(q1,v1)q, 01
oV, oV
- ﬁlQ% —bh=v Wz"‘ﬁ [_”4% - —fﬂl)q? - VZ%Q%(‘I])UI) +f1°‘2Q1U% +f1°‘361%”1 - 61]’ (25)
1

where

0y = q,(203(q1 + @1d1) + 294(83 + 42dn) + 75 (6192 + 24162 + 0162)]
+ (26 (6192 + 20042 + 01G2) + 297(61 + 91dn) + 205 (@5 + 9202) .
02 = (285 (¢ + @1d1) + 2B4 (@5 + 926) + Bs (G102 + 24165 + 416) |
+q [ﬁ6(élq2 + 2414, + %Cjz) + 28, (61% + 9191) + 285 (CI% + 4252)]

Matching the coefficients of the same terms q’i' v’f; j1=0,1,...; j,=0,1,..., 1is performed. As a result of
this a system of linear algebraic equations with respect to (a;, as, ..., by, by,...) is derived. This system of linear
algebraic equations is not presented here for conciseness. The solution of this system has the following form:

ay =a2=a3=b1 =b2=b3=a5=a7=b6=b4=0,
384, 22, 142
T R TR T

Eq. (20) is substituted into Eq. (24) and the nonlinear mode is obtained.

ag = by = (26)
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14 1 A,

12

9.6 9.7 9.8 9.9 10 10.1 10.2
Q

Fig. 2. The frequency response of the mechanical system (16).

Fig. 3. The nonlinear mode of the mechanical system (16).

The numerical calculations are carried out for the beam, which is considered in the paper [20]. The following
values of parameters are used:

n=93x10"kg/m, M =0.162kg, E=2.013x 10" N/m?, p=78x10°kg/m’,
1=0.56m, EJ=0.201 Nm?>. (27)

The quantities of (27) are used within the calculations for the frequency response in Egs. (20) and (21).
Fig. 2 shows the frequency response and the nonlinear mode is presented in Fig. 3.
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Py + Pcos2Qt

|~

Fig. 4. The beam interacting with the oscillator.

4. Interaction of the beam with a linear oscillator

In this section, the nonlinear modes are applied for the analysis of the mechanical system consisting of the
beam and an arbitrary one-degree-of-freedom system attached to the beam, as shown in Fig. 4. This oscillator
can represent a vibration absorber attached in order to reduce parametric vibration in the beam. Thus
the interaction of a discrete and a continuous subsystem is considered. The resulting system is defined
as follows:

/ "

EJw) + 0.5EJ(W”W’2) + w”{PO + P, cos(2Qt) — 0.5M / (w’z) ds}

0 1

+ v — (Nw') = 6(x — 0.5L)K{g — w(0.5]; 1)},
Mg = —Klg — w(0.5[;1)],
1 S
N = 0.5,u/ dsy / (W)}, dsa, (28)
s 0

where w(s, t) is deflection of the beam; ¢ is a generalized coordinate of the oscillator; M; is mass of the
oscillator; EJ is bending stiffness; u is the mass per unit length; 6(x—0.5/) is the delta function; K is a stiffness
of the spring.

The following dimensionless variables and parameters are used:

W |EJ s M P’ 2 KP M, q
X = — = [ ey = - = — = — = — = — = — = — 29
Wi r» T ”14: é I: m ,ul’ f EJ’ X 127 c EJ, my ) q* ra ( )

where r is the radius of gyration of the cross section. The nondimensionalised dynamical system of Eq. (28) has
the following form:

o " 1 "
wi!?) +§ (w;/w/i) + w:{f cos(2Qt) — O.Smx/ (wﬁ) dé} + s
0 T

— 72(Nw,)" = ¢d(& - 0.5){q, — w.(0.5; 1)},
Wllq* [ — w,(0.5; Z)]

N= 05/ dfl/ w2 déz (30)
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It is assumed that beam vibration occurs in the first mode of the simply supported beam:

w(é, 1) = 0(r) sin(ré). 31)

The Galerkin method is applied to the first equation of system (30). As a result the following dynamical
system is derived:

2

A y LN ) 3 LN )
0+ 0+ §n693 — 0n*[f cos(2Q1) — 0.25myn*(0%)" * | + yn* (% — ﬁ) 00°)°° — 2¢(g, — 0) = 0,
MGy + c(qy — 0). (32)
System (32) is re-expressed in linear modal coordinates, using the following equations:
EU = MUP, (33)
where
- t+2¢ —2¢ U 1—phi? 1 —povy?
—2¢ 2 | 1 1 '
1 0 pr 0
M= S T e R
0 2my 0 p3 mi

i, =n"+2c+ i F \/(71?4 +2c+ v%)z — 4ntvi.
The following change of variables is applied:

¢ 0
HEaH| s

The dynamical system (32) takes this form in modal space:

=U!

& +plE + LR (él,é%él:éZaEbE%[) =0,
52 +p362 + CFI (élaé%éla&bélaébt) = 09

Fy (flafzfl,&z,él,ézao =9, Pa(&1, &) + 293P (61,60, 61, E) + 293Py (51,52551,52)
= (f11¢1 +/1262) cos(2Q), (35)

where

2 2
b mn- T 3
fu=fia, fo=hHa, f=7f, =§7T6, 73 =Xn2(4+12_32)’
1
1 p2y2 — 1 — ply2 _ ’
a Pivi ., @ pvis, & o —a
Py(E1,8) = @l + @38 + 3dlar & E, + 3a1a3é &,

L .2 22 P 22 22 P
P (él,fz,flafz) = a?élil + a%alézgl +2a%a2flél€2 + a%azfzfl + aifzéz + 251161%52515}

The method suggested in Section 2 is used to analyze the system expressed in Eq. (35). The motions with
considerable values of £;, &; and small values of &, & are analyzed. Let us consider the iterative loop for the

analysis of periodic motion. For the first iteration it is assumed that & = 0. From then on Eq. (35) are
transformed into the following form:

E+piE +C[naid + el (a0 + 88) - fué cosen] =0, (36)
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The solutions of Eq. (36) are given in the form of Eq. (18), and the methodology relating to Egs. (18)—(21) is
used to solve Eq. (36), for which the following solutions are admissible:

e the equilibrium given by 4, = B; = 0;
e periodic motions with amplitudes:
@ —p? — 0.5,

A1 =0, B = |—— 1
0.75y, — 0.57,Q

(37)

e another periodic motion condition with the following amplitudes:
Q@ —pi+05
A =0, B= L ont0Y
0.75y, — 0.59;Q

From these motions function cos(2Q¢) can be obtained using Eq. (23). Thus, the first iteration is finished.
Eq. (23) is substituted into Eq. (35) and from this the following pseudo-autonomous dynamical system is derived:

E+pie i PG, o)+ P66 6) + PG Bans) Bl - haGs) =0 G8)
where

n=1 n=-1 B =flm B =/ 0,

Pyé1,8) =08 + 008 + )G + 00615,

P16, 6,6) = o5 + D EE + 0568 + 4086 + o068 + )b 8.
The nonlinear modes of Shaw and Pierre [13] are used to study the dynamical system (38):

& = E(E1,01) = ma& + ms& oy + el ol + vt 4 -
vy =& = (&1, 01) = Pyl + psEivr + pelivt + povy + - (39)

A nonlinear mode of Eq. (39) is represented as a power series, and following on from Refs. [13,17] it is
known that if linear parts of system (38) are defined in modal space then the linear terms in the series of
Eq. (39) are also equal to zero. System (38) only exhibits cubic nonlinearities. Therefore the quadratic terms in
Eq. (39) are also equal to zero.

At this point the cubic terms from expansion (39) are calculated and by applying the nonlinear modes [13]
the following equations are derived:

0&,(&;,v1) n & (&, Ul)bl

(&, 01) = o5, U o0, ;
ia(erson) = 2y 4 2R, (40)

Eq. (38) are substituted into Eq. (40) and the coefficients of 5’; ; é%vl; flvf; v? are equated. As a result a
system of linear algebraic equations in 7y, 7s,... is obtained. The solution of this system is the following:

s = (B (1= 3pipy ) D",
pe =20p D",

pa = piiBi (3pipy” = 1)D7,
= —2p; (B D7,
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ps =D"'p3% [3 (pffx(f) - 06(1”) (p3 —3p}) + 2p?p§a§2)],

pr=me=py" D¢ [ (31— p3) — 6 (p1a” — o) .

ny=py2D7¢ Kpfa(f) - 06(11)) (3 —71) + 2P?0<(12)}’ (41)
where

D = 10p7 — 9pip5* — p3. (42)

The next step requires the nonlinear mode of Eq. (39) to be substituted into Eq. (35) in order to generate
. . 2 .
G+ pia + {naid + 2386 + 2030188 — £116 cos(200)
— f1o(ma&) + ms&vy + meéyvt + myv}) cos(2Q1) ). (43)

Eq. (42) more accurately describes the motions in the nonlinear mode than does Eq. (36) and these two
equations are seen to differ essentially from one another.

The solution of Eq. (42) is presented as Eq. (18). Then the harmonic balance method is applied and
consequently a system of two nonlinear algebraic equations is obtained:

(7 — QA1 + ([55A47 + 5641 B} — 83471B1 — 64B] — 0.5f,41] = 0,
(7 — Q1)By + ([51A]B) + 6,8} — 8341 B} — 844; + 0.5(1,B1] = 0, (44)
where
01 = 0.75y0,a) — 13Q%a} + 0.5f 1,127,
9y = 0.750,a0 — 3Q%ad + 0.5f o4,
83 =0.5f1,msQ; 04 = 0.5 172,
85 = 0.757a} — 73Q%a; — 0.5 1,7,
36 = 0.757,a; — 3Q%a; — 0.5f ;627 (45)

The second iteration concludes with the solution of Eq. (43).

A1,B1

4.903 4.904 4.905 4.906 4.907
Q

Fig. 5. The frequency response.
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Table 1
The results of the calculations of the frequency response

w A; for the first iteration A for the second iteration
4.905707 0.8076918841 0.7184797517

4.90570 1.557934983 1.505888506

4.90568 2.737854823 2.707908819

4.90564 4.199224210 4.180446464

4.90561 5.023894997 5.008755142

Finally a third iteration is considered, and the solution of Eq. (43) is taken in the form of Eq. (23). Then the
nonlinear mode (39) is calculated and system (42) is analyzed by solving nonlinear algebraic Eq. (43). At that
point the third iteration is concluded and the iteration is complete when solutions of Eq. (43) for two
subsequent iterations are regarded as being close enough.

The calculation of the frequency response is the aim of this analysis. The values of A4; are preset by means of
some chosen iterative step. For every value of 4; an iterative loop is constructed. The values of B; and Q2 are
determined from this iterative loop.

The results of an example consisting of a beam interacting with an arbitrary linear oscillator are considered.
The parameters of Eq. (27) and further data comprising

f=1, r=0289x10"m, M;=0.0521kg, c=70,

are used within the calculations. The results are presented in Fig. 5 as frequency response. The dependence of
the vibrations amplitudes 4, B on 2 is shown. The results of the first and the second iterations are presented
in this figure. These results are so close that they cannot be identified in the scale of this figure. The data of the
frequency response calculations are shown additionally in the table, in which for some values of the excitation
frequency Q, the results of the first and the second iterations are presented. As shown in Table 1 the results of
the first and the second iterations are very close.

5. Concluding remarks

An iteration in which nonlinear modes and the Rauscher method are combined has been suggested in this
paper. This approach can be used to determine all the nonlinear modes, and the number of these is equal to the
number of degree of freedom of the nonlinear system. A dynamical system without an internal resonance has
been considered here.

The main advantage of the method suggested here is that it does not need a small parameter in the equations
of motion. Moreover, this method has a simple numerical implementation and reduces to the harmonic
balance method for a one degree of freedom, and it also simplifies to a system of linear algebraic equations.

This method has been applied to an investigation of the parametric vibration of a beam and to the analysis
of the interaction of the beam with an arbitrary one-degree-of-freedom oscillator for which calculations
demonstrate that the iteration converges in two cycles. The second iteration contributes significantly to the
solution of the problem of the beam interacting with the linear oscillator, with the first iteration giving the
nonlinear mode emanating from Eq. (36) whereas the second iteration relates to the form of Eq. (42), with
clear differences between the equations. The second iteration does not contribute to this problem of
parametric vibration in a beam. Therefore, this iteration is not needed.

Acknowledgement

The author is grateful to the Ukraine Foundations of Fundamental Research (Grant ¢25.1/042) for support
of this research.



488 K. V. Avramov | Journal of Sound and Vibration 322 (2009) 476489
Appendix A. Asymptotic analysis of system (17)

It is shown that in the asymptotic limit the solutions of Eq. (17) have the form (18). Using the small
parameter &, system (17) can be presented as

i+ 7'+ e[ng) + 200, (@ + a141) — /141 cos(2Q0)] = 0. (A1)
The vibrations of system (A.1) are considered in the case of the main parametric resonance
Q=1 +c¢o. (A.2)

The vibration of the system given by Eq. (A.1) is defined by
ql(T(), Ti,...)= qu(T(), Ti,..)+ 8q“(T0, Ti,..)4+---, (A.3)

where Ty = 1; T) = et. Using the multiple-scales method the following equations are obtained:

62%0 4
+7 =0,
6T§ q10

62911 +2 62‘110
0T} 0T, 0T,

0] 2 62q
+ g + 01430 + 203010 | =2 )+ 27347, —120 — ¢10f'1 cos(2Qt) = 0. (A4)
T, T2

The motions of the first equation of Eq. (A.4) can be shown to be given by
410 = A(T)) exp(in® To) + A(T1) exp(—in’Ty).

Using the change of variables 4 = 0.5aexp(iyy) and equating to zero the secular terms of the second
equation of system (A.4), the following system of modulation equations is derived:

d fl 5sin(20) = 0,
2 4
o —a+“ (Z - ”;3) S ~ cos(20) = 0. (A.5)

As follows from Eq. (A.5) three kinds of steady-state solutions exist. The first group satisfies a¢; = 0. The
second group of solutions is described by

1 3 Ty
0,=0, a =;1(0o25f1 +70), =gh - 23-

The third group of solutions is determined by

0; = a = yi(nzo— —0.25(1).
(1

T
5
The vibrations of system (A.1) have the following form:
q, = a cos(Y + n*T).
The second group of the solutions has the form
q, = a cos(Q1)
and the third group of motions has the following form:
q, = a sin(Q1).

The analysis given in this appendix shows that the vibration defined by Eq. (17) has the form of Eq. (18).
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